Abstract-In this paper, we provide a general analytical framework for the computation of the interference statistics in mobile radio cellular systems. This approach, which takes into account log-normal shadowing, distance path loss, best cell site selection and power control based on signal strength, applies to various cellular environments, including narrowband systems (e.g., IS-54 and GSM) and CDMA systems. Some examples of application are provided.
I. INTRODUCTION
The performance analysis of mobile radio and cellular systems has been actively researched in the last few years, due to the rapid deployment and success of such systems, and because of the scarce bandwidth which calls for very careful design tools in order to utilize it most efficiently. In this context, many authors have addressed the research problem of computing the performance of such systems, using different parameters for different systems, e.g., outage probability for bandwidth limited systems (F-TDMA), interference statistics or average interference power for interference limited systems (CDMA), capture probabilities and throughput for packet access systems (ALOHA), and so on.
Unfortunately, almost all contributions which try to provide an analytical answer to this problem make the unrealistic (and pessimistic) assumption that a mobile user is connected to the closest cell site, rather than to the most favorable one. Two notable exceptions are given by Viterbi et al. [1] , who computed the average interference power on the reverse (i.e., mobile to base) link of a cellular CDMA system by taking into account a strategy where a mobile is able to connect to the best among a limited number of cell sites, and by Chebaro and Godlewski [2; 3; 4] , who proposed an approximate technique for the study of a frequency-hopped TDMA system in the presence of power control. Their analytical investigation was limited to the reverse link, due to the difficulties which arise when trying to study the forward (base to mobile) link.
In this paper, we elaborate on the idea of computing the longterm interference statistics in cellular systems, and we provide an exact analytical approach for its computation on both directions of communications, without introducing major approximations. Some examples of application of the theory are also given. We take into account features such as deterministic path loss, log-normal shadowing, best or closest cell site selection, and presence or absence of power control and diversity. The power control is based on average signal power, as opposed to signal-to-interference ratio (SIR) balancing [5; 6; 7] . Also, the analytical approach is not critically dependent on the particular This work has been presented at the IEEE Global Communications Conference, London (UK), Nov. 1996. The author is with the Center for Wireless Communications, University of California, San Diego, La Jolla, CA 92093-0407 (e-mail: zorzi@ece.ucsd.edu).
form of the cellular layout or of the path loss function, nor on the shadowing being log-normal, so that extensions to more general environments appear possible.
Although involving various numerical integrations which require careful evaluation, the approach here presented is not exceedingly complex, and provides accurate results with a moderate amount of complexity. We believe that this analytical framework will be very useful to the network designer, allowing a precise assessment of the system performance without need for lengthy and costly computer simulations.
The paper is organized as follows. The analytical approach for the computation of the interference statistics, which takes into account best cell site selection and power control, is presented in Sections II and III for the reverse and forward link, respectively. In Sections IV and V, two examples of application are presented, i.e., computation of the outage probability in T/FDMA systems and of the interference parameters in CDMA, respectively. Conclusions are drawn in Section VI.
II. COMPUTATION OF THE INTERFERENCE STATISTICS: REVERSE LINK ANALYSIS
Let us consider a cellular mobile radio system, composed of a number of cell sites (Base Stations), BS(i), i = 0; 1; : : :; distributed throughout the service area according to some pattern (e.g., a hexagonal grid), and let us focus on the reverse (mobile to base) link. Consider a user randomly located in the plane with uniform distribution. Let r i and e i be the distance and the shadowing attenuation of that user towards cell site BS(i), i = 0; 1; : : :; and let P T be the transmitted power, so that the received power at BS(i) is given by r ? i e i P T , where the constant factor of the power loss law (which depends on the carrier frequency and on the antenna heights, and is assumed the same for all i) is neglected without loss of generality (we assume here that the thermal noise is negligible compared to interference). The propagation exponent, , is typically equal to 4, and the random variable (r.v.) i , which takes into account the effect of lognormal shadowing, is Gaussian with zero mean and variance 2 . We assume here that the user is connected to the cell site which has the most favorable propagation conditions, i.e., the one whose long-term attenuation is smallest, and denote by I j the long term interference at the intended base station from a user in cell j, i.e., the long term power received at station BS (0) given that the transmitter is connected to BS(j). 
'(x) can be computed as follows:
where the expectation is taken with respect to the r.v.'s r; ; j , with r = r j and being the polar coordinates of the user with respect to BS(j), and
where
is the normalized Gaussian distribution.
Let us now assume that a user can not be connected to a cell site if r > R. Practical values of R were found to be of the order of 5 times the cell radius [8] . In this case, '(x) can be given as
'(xjr; ; j ) (6) and we obtain the following expression for the interference distribution:
: (7) Note that the probability density function (pdf) of I j can be readily found by differentiating (7), which reduces to differentiating only the factor in (5) which contains x. The probability in (7) can be computed by numerical quadrature with adequate accuracy, to obtain the statistics of I j . Note that in the above analysis it was implicitly assumed that j 6 = 0, i.e., that the interfered cell and the cell the user belongs to are distinct. In fact, in the presence of perfect power control, we have I 0 = 1, so that its cdf is a step function.
B. Analysis without power control
In this case, P T is a constant, and can be taken equal to 1 without loss of generality. The cdf of the interference is given ' (1) : (8) To compute (x) = E (xjr; ; 
For j = 0,
where u(x) is the unit step function. In this case, it is easier to compute the pdf of I 0 directly, since it is possible to avoid one integration. Namely,
'(1) (11) where
(log x+ log r) 2 2 2
Φ log x + log r i : (12) The interference statistics for a system without power control can be computed using (8), (11), (12) and (6).
C. Closest cell site selection
For the purpose of comparison, we report here briefly the analysis for the case in which a mobile selects the closest BS.
Let D j be the distance between BS(j) and BS(0), and let denote the angular position of a user in cell j, where the direction from BS(j) to BS(0) is taken as a reference. We obtain the following distributions. Without power control, (14) where the denominator p 2 comes from the fact that 0 ? j is a zero-mean Gaussian r.v. with variance 2 2 . Again, the pdfs can be found by direct differentiation of the above expressions.
D. Correlated shadowing
In a more general model [9] , the shadowing can be described as the product of two log-normal components, one associated with the receiving cell site (independent on distinct paths) and one associated with the transmitting mobile (equal for all paths). In the case with power control, this has no effect (except for the reduction of ), since only ratios of the shadowing variables occur, and therefore the common component cancels out. On the other hand, in the absence of power control the common component is present in the expression of the received power at the intended cell site. This further complicates the numerical evaluation of the above expressions, but the extension of the analysis is conceptually straightforward and will not be treated in detail here.
III. COMPUTATION OF THE INTERFERENCE STATISTICS: FORWARD LINK ANALYSIS
A similar analysis can be developed for the forward link. Let us consider a mobile connected to cell 0 (the test user), and let I j be the long-term attenuation from that mobile to BS(j).
Unlike on the reverse link, now the long term powers of the signals from the transmitters (given by the I j 's) are correlated, since they correspond to all different paths from the test user to the various BS. Therefore, the marginal statistics (as computed in Section II) is inadequate, and a more detailed description is needed. The following analysis is based on computing the joint statistics of I j ; j = 0; 1; : : :
For the case without power control, the joint statistics is given by 
If we condition on the uniform location of the test user and on the shadowing towards BS(0) and then apply the theorem of total probability, we have F(x)'(1) = P I 0 x 0 ; I j minfx j ; I 0 g; j = Φ minflog x j + log r j ; 0 + log(r j =r)g 3 5 ;
where the expectation is taken over the location and the shadowing of the test user. We can compute the joint pdf as x j x 0 ; all j; (17) where the final expectation is taken over the location of the test user.
With perfect power control, I j in (15) and (16) is to be replaced by I j =I j0 , where 1=I j0 = r j0 e ? j0 is the power transmitted by BS(j) to a mobile in its own cell, and is independent of all the quantities of interest. One can use the above joint pdf and introduce additional terms associated with I j0 , whose statistics are independent of j, and are given by the pdf f 0 (:) in Section II.B.
As before, we can compute the joint distribution for the case of closest cell site selection. Following closely the derivations in this section and in Section II.C, we obtain in the absence of power control and similarly for power control, as in Section II.C.
IV. OUTAGE PROBABILITY IN NARROW-BAND CELLULAR

SYSTEMS
As a first example of application of the above theory, let us consider the performance analysis of TDMA-like cellular systems, such as for example GSM or IS-54. A relevant index in this case is the outage probability, i.e., the probability that the instantaneous SIR is below a certain threshold, denoted by b.
The outage probability can therefore be written as where each 2 j is a r.v. with unit mean, and takes into account the presence of fast fading, I is the set of interfering cells considered, j = 1 if a user is transmitting in cell j (with probability p) and 0 otherwise, and N is the average power of the thermal noise.
In the presence of Rayleigh fading, each 2 j has exponential distribution, and the above expression can be simplified to [10] where the expectation is taken with respect to I 0 and j ; I j ; j 2 I.
We can also account for the use of antenna diversity by appropriately modifying the outage condition. As a simple example, let us consider switched dual diversity with ideal selection (i.e., the receiver uses the signal from the antenna with the better SIR). Ideal selection diversity is easy to analyze and approximates very closely the performance of more realistic selection strategies (e.g., maximum selection) [11] . In this case, outage occurs if the SIR is below the threshold at both antennas, and therefore the conditional outage probability (given the long-term variables, which are the same at the two antennas) is squared, and 
A. Reverse link
Let us focus now on the reverse link and derive the outage probability in the absence of diversity. The diversity case can be treated similarly, and the details are omitted. If perfect power control is used, we have I 0 = 1, and where I 0 has the probability density function (11) . The average of the outage probability over the cell can be easily found by averaging (I 0 ) over the statistics of I 0 .
To demonstrate an application of the above results, we consider a regular grid of hexagonal cells of unit side, and assume the following conditions: Rayleigh fading, outage threshold b = 10 dB, log-normal parameter = 6 dB, p = 1. Also, the interference coming from the nearest cochannel cells has been considered, and thermal noise has been neglected. We compute the average outage probability vs. the reuse distance, R u , i.e., the minimum separation between cells using the same channels. This quantity is related to the number of channels in which the system bandwidth is divided (sometimes called cluster size, K) through the relationship R u = p 3K [12] . In Fig. 1 , we plotted eight curves: the four solid lines give the performance when the closest BS is selected, with and without power control and diversity, whereas the four dotted lines refer to the best BS assignment. From Fig. 1 , it is clear that the best BS criterion gives better performance than the closest BS criterion, as expected. It should be noted that, due to hysteresis in the handoff algorithms, these two cases are somewhat extreme, and the actual performance lies in between. Also, it is seen that the use of diversity significantly increases the performance. Interestingly, the use of power control is not very helpful in this context. This is due to the fact that it actually increases the performance of the disadvantaged users (e.g., those at the cell border), whereas it deteriorates the performance of the users experiencing good propagation conditions. The net effect is that on the average the performance is about the same.
The above results assumed perfect power control, so that the transmitted power was exactly inversely proportional to the longterm attenuation. In practical systems, this is not always true, and the power control mechanism is subject to errors. According to a commonly accepted model [13] , the power control error (PCE) can be modeled as a multiplicative log-normal factor, so that a simple way of studying its effect is to replace I j with I j e ej , where ej is a Gaussian r.v. with zero mean and variance 2 e . As an example, Fig. 2 shows the dependence of the outage probability on the PCE parameter, e (in dB), for both best and closest BS selection, and with and without diversity, for two values of the reuse distance, namely R u = p 21 and R u = p 57 (corresponding to cluster size K = 7 and K = 19, respectively).
The presence of PCE results in a larger average outage probability for the systems with power control than for those without power control. On the other hand, if worst-case performance is considered, this conclusion is no longer true, and power control, although imperfect, yields potentially a substantial improvement [11] .
B. Forward link
Let us consider now the forward link of a TDMA-like cellular system. As before, let I be the set of cochannel cells, and let I c its complement in f1; 2; : : :g. For the case without power control, the average outage probability can be computed as follows (noise is neglected and p = 1 for simplicity of notation, although the extension to the general case is straightforward):
' (1) (27) If perfect power control is used, I 0 = 1 and I j is to be replaced by I j =I j0 , j 2 I, and (24) is to be modified by introducing averages over the I j0 's (with common pdf, f 0 (:)), to get ' (1) The analysis in this section enables one to compute the outage probability in a variety of situations, summarized as follows: reverse link, with (Eq. (22)) and without (Eq. (23)) power control; forward link, with (Eqs. (28) and (29)) and without (Eqs. (24)- (27)) power control. Following the developments of Section IV.A, extensions to the case with diversity are also possible.
V. INTERFERENCE ANALYSIS OF CELLULAR CDMA SYSTEMS
As a second example of application of the results in Section II, we consider a cellular CDMA system with power control (which must be used in this case [14] ). We focus on the reverse link, which is commonly believed to limit the system capacity. In this context, as a first-order approximation, we model the total interference power as a Gaussian r.v.
1 [15] . Its mean and variance can be readily computed by using the distribution given in Section II.A. For example, if there are N u active users per cell, we have for the intercell (i.e., external) interference
(30) 1 Simulation results in [6] show that a log-normal model is actually more accurate.
[dB] where C is the number of interfering cells considered. The mean intracell interference is N u ?1, and its variance is zero (assuming perfect power control). If the activity factor is taken into account [14] , the mean interference (30) is unchanged (provided that N u is now the average number of active interferers), whereas the variance is a little larger, as one may expect. As an example, Table I shows the mean and variance of the external interference divided by the number of users per cell, N u , for some values of and for C = 60 cells. Our results are consistent with those in [1] , where, P C j=1 E I j ] is called the relative other cell interference factor 2 . Some difference can be seen for large , where our results are better than those in [1] , due to the fact that with heavy shadowing there is a significant probability that the best BS is not one of the four closest.
Finally, in the presence of power control error, we have I j e ej instead of I j , and the moments are computed trivially if I j and e ej can be assumed independent of each other.
VI. CONCLUSIONS
In this paper, we have provided a general analytical framework for the computation of the interference statistics in mobile radio cellular systems. This approach applies to various cellular environments, and takes into account parameters such as lognormal shadowing, deterministic path loss, ideal power control and best cell site selection. Two examples have been given to demonstrate the application of this approach: (1) computation of the outage probability in TDMA cellular systems (e.g., IS-54 and GSM) using antenna diversity, and (2) an interference analysis for a CDMA system. A further application of this analytical framework to packet access systems, not considered here, has been described in [16] . Also, results for a TDMA cellular system in the presence of Rician fading are presented in [17] .
We note that the analysis in this study, although specific to certain assumptions, can be extended to more general situations. For example, even though all results were given for a regular hexagonal cell layout, more general layouts can be considered. These include lineal cells, irregular layouts due to nonuniform traffic distribution or environment constraints, or even moving cell sites (as happens for "ad hoc" networks or military applications). Also, different shadowing distributions (other than the log-normal considered in this paper) could be taken into account. Fig. 1 : Average outage probability, , vs. reuse distance, Ru. b = 10 dB, = 6 dB, Rayleigh fading, closest (solid) and best (dotted) cell site selection, with and without diversity and power control. 
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